
APPENDIX. BARBALAT’S LEMMA
The Lyapunov function V(S

�
u, C

�
, θ
�
1, θ

�
2) in Eq. (17) is

positive definite and its time derivative (V
�

(S
�
u, C

�
)) in

Eq. (19) is negative semidefinite. Thus, based on the
Lyapunov stability theorem [27], V is bounded and it
is concluded that S

�
u, C

�
, θ
�
1, and θ

�
2 remain bounded.

Barbalat’s lemma: If g is a uniformly continues func-
tion and lim t!∞

R t
0 gðηÞdη exists and has a finite value, it

is guaranteed that [27]

lim
t!∞

gðtÞ¼0 (A.1)

In order to use this lemma for the controlled system of
HCV outbreak, g(t) is considered to be �V

�

:

gðtÞ¼�V
� ¼ λ1S

�2
u + λ2C

�2 (A.2)

By integrating both sides of Eq. (A.2), one can write:

Vð0Þ�Vð∞Þ¼ lim
t!∞

Z t

0
gðηÞdη (A.3)

Since V
�

is negative, V (0) is larger than V (∞) and V (0)
� V (∞) � 0. Moreover, as mentioned previously, V is
bounded based on the Lyapunov stability theorem.
Thus, lim t!∞

R t
0 gðηÞdη in Eq. (A.3) exists and has a

bounded value. Therefore, it is concluded using the Bar-
balat’s lemma that

lim
t!∞

ðλ1S
�2

u
+ λ2C

�2Þ¼0 (A.4)

REFERENCES
[1] World Health Organization (WHO), Hepatitis C. (2017)

http://www.who.int/mediacentre/factsheets/fs164/en/.
[2] D. Prati, Transmission of hepatitis C virus by blood

transfusions and other medical procedures: a global
review, J. Hepatol. 45 (2006) 607–616.

[3] A. Wasley, M.J. Alter, Epidemiology of hepatitis C:
geographic differences and temporal trends, Semin.
Liver Dis. 20 (1) (2000) 1–16.

[4] S. Zhang, X. Xu, Dynamic analysis and optimal control for
a model of hepatitis C with treatment. Commun.
Nonlinear Sci. Numer. Simul. 46 (2017) 14–25, https://
doi.org/10.1016/j.cnsns.2016.10.017.

[5] S. Zhang, Y. Zhou, Dynamics and application of an
epidemiological model for hepatitis C. Math. Comput.
Model. 56 (2012) 36–42, https://doi.org/10.1016/j.
mcm.2011.11.0817.

[6] S.L. Chen, T.R. Morgan, The natural history of hepatitis
C virus (HCV) infection, Int. J. Med. Sci. 3 (2006) 47–52.

[7] A.M. Bisceglie, Natural history of hepatitis C: its impact on
clinical management, Hepatol. Millenn. 31 (4) (2000)
1014–1018.

[8] J. Yuan, Z. Yang, Global dynamics of an SEI model with
acute and chronic stages, J. Comput. Appl. Math.
213 (2008) 465–476.

[9] R.M. Klevens, D.J. Hu, R. Jiles, S.D. Holemberg, Evolving
epidemiology of hepatitis C virus in the United States,
Clin. Infect. Dis. 55 (suppl. 1) (2012) S3–S9.

[10] S. Banerjee, R. Keval, S. Gakkhar,Modeling the dynamics of
hepatitis C virus with combined antiviral drug therapy:
interferonandribavirin,Math.Biosci. 245(2013)235–248.

[11] K.O. Okosun, Impact and optimal control of movement
on a multipatch hepatitis C virus model, J. Pure Appl.
Math. 5 (1) (2014) 80–95.

[12] K.O. Okosun, O.D. Makinde, Optimal control analysis of
hepatitis C virus with acute and chronic stages in the
presence of treatment and infected immigrants, Int. J.
Biomath. 7 (2) (2014) 1–23.

[13] J. Khodaei-Mehr, S. Tangestanizadeh, R. Vatankhah,
M. Sharifi, Optimal neuro-fuzzy control of hepatitis
C virus integrated by genetic algorithm, IET Syst. Biol.
12 (2018) 154–161.

0 0.1 0.2 0.3 0.4 0.5
Time (year)

(A)

(B)

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5
T

ra
ck

in
g 

er
ro

r 
fo

r
 u

na
w

ar
e 

su
sc

ep
tib

le
 p

op
ul

at
io

n

(Su− Sud) for 50% of uncertainty

(Su− Sud) for 70% of uncertainty

(Su−Sud) for 90% of uncertainty

0 0.1 0.2 0.3 0.4 0.5
Time (year)

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

E
st

im
at

io
n 

er
ro

r 
fo

r
 c

hr
on

ic
al

ly
 in

fe
ct

ed
 p

op
ul

at
io

n

(C − Cd ) for 50% of uncertainty

(C −Cd ) for 70% of uncertainty

(C −Cd ) for 90% of uncertainty

FIG. 11 The difference between (A) unaware susceptible
population and its desired value (S

�
u ¼Su�Sud ) and

(B) chronically infected population and its desired value
(C
�¼C�Cd ) for different parametric uncertainty levels.
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